THE RICCI TENSOR OF SU(3)-MANIFOLDS 



LUCIO BEDULLI AND LUIGI VEZZONI 

Abstract. Following the approach of Bryant 1101 we study the intrinsic tor- 
sion of a SU(3)-manifold deriving a number of formulae for the Ricci and the 
scalar curvature in terms of torsion forms. As a consequence we prove that in 
some special cases the Einstein condition forces the vanishing of the intrinsic 
torsion. 



Introduction 

In the last years geometric and physical motivations led many mathematicians to 
focus on the geometry of SU(3) and G2-structures on 6 and 7-dimensional manifolds 
and on the interplay between them (see e.g. 0, 0, H, 0, [El, CD, [H , [H, 
|14j . and the references therein). New directions in this field were suggested 
by the work of Hitchin [221 ■ The present work is inspired by ^01 , where the author 
computes the Ricci curvature of a G2-structure in terms of the derivatives of the 
defining 3-form. 

In this paper we study the intrinsic torsion of SU(3)-manifolds relating it to the 
curvature of the induced metric. 

A SU(3)-structure on a 6-dimensional manifold is determined by a pair (k, il), 
where n is an almost symplectic structure and 17 is a normalized K-positive 3-form 
(see Section 12 for the definition). In fact such a pair induces a natural K-calibrated 
almost complex structure J on M such that the complex valued form 

e = il + ijn 

is of type (3,0) with respect to J. The intrinsic torsion of a SU(3)-structure can be 
described in terms of the derivatives of the defining forms (k, 17) by considering a 
natural decomposition of A'^M and A'^M in irreducible SU(3)-submodules. Namely 
the forms dn, dfl and d*D, decompose as 

3 3 

dil = ttq + TTi A 17 — 7r2 A K ; 
d J17 = (To + Jtti a 17 — (72 a k , 

where ttq, ctq, tti, j^i, (72, t's lie in different SU(3)-modules. The forms 
{tto, (Jo, ""i, i^i, '72, 1'a} are called the torsion forms and they vanish if and only if 
the SU(3)-structure is integrable, i.e. if and only if the induced metric is Ricci-flat 
so that (M, K, 17) is a Calabi-Yau threefold. Moreover special non-integrable 
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SU(3)-structures, e.g. generalized Calabi-Yau structures^ and half-flat structures, 
can be characterized in terms of torsion forms. In the spirit of a principal 
bundle approach allows us to write down the Ricci tensor and the scalar curvature 
of a SU(3)-manifold in terms of torsion forms. As a direct consequence of these 
formulae we get that the scalar curvature of a generalized Calabi-Yau manifold 
is non-positive and it vanishes identically if and only if the SU(3)-structure is 
integrable. We also prove that the metric of a special generalized Calabi-Yau 
manifold M is Einstein if and only if AI is a genuine Calabi-Yau manifold. 
The paper is organized as follows. In section general SU(7i)-structures are 
introduced. In section 12 which is the algebraic core of the paper, we specialize 
to the 6-dimcnsional case studying the algebra underlying SU(3)-structures. In 
particular we exhibit an explicit expression for the complex structure induced by 
(k, ri). In this section we define the torsion forms and characterize various special 
SU(3)-structures in terms of these forms. The work in section |31 follows the steps 
of |10| where the formula for the Ricci curvature of a G2-structure is derived. We 
exploit the algebraic formulae obtained in section[51in order to come to the explicit 
formula for the Ricci tensor H3.13|l . Here the final computation was carried out 
with the aid of Maple while a representation-theoretic argument justifies the final 
formulae. In section 0] we collect the above mentioned consequences of formula 
(|3.13|l in the special case of generalized Calabi-Yau manifolds. Sectional is devoted 
to the explicit computations performed on a non-integrable special generalized 
Calabi-Yau nilmanifold which illustrate the role of the torsion forms in this case. 
In the appendix some technical proofs are provided. 

Acknowledgments: The authors are grateful to Robert Bryant for sup- 
plying them with the computer programs he used to perform the symbolic 
computations in the G2-case. They are also grateful to Richard Cleyton for 
suggesting a considerable strengthening of a previous version of Corollarv l4.1l 

Notations. Given a manifold A/, we denote by A' Af the space of smooth 
r-forms on M and we set A* A/ A'' AT. When an almost complex structure 

J on M is given, AFj'^M denotes the space of complex forms on M of type (p, q) 
with respect to J. 

The symplectic group, i.e. the group of automorphisms of M^" preserving the 
standard symplectic form k„ = X)r=i '^^'^i-i A dx2i, will be denoted by Sp(n, R). 
Furthermore when a coframe {ai,...,a„} is given we will denote the r-form 
Qfii A • • • A Qfi^ by at^„A^- 

In the indicial expressions the symbol of sum over repeated indices is omitted. 

1. SU(n)-STRUCTURES 

1.1. U(n)-structures. Let (AT, k) be a 2n-dimensional almost symplectic mani- 
fold. The symplectic Hodge operator 

★ : A''Af ^ A2"-''Af , 



We remark that the notion of generaUzed Calabi-Yau structure we consider is the one adopted 
in |18| which is different from that one given by Hitchin in |21|. 
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is defined by means of the relation 

a A */? = K{a, P)—r , 
nl 

where a, f3 G A'^M. It is easy to check that -A"^ = /. An almost complex structure on 
M is an endomorphism J of TM such that = — /. Note that the endomorphism 
induced by J on A^M (again denoted by J) satisfies the identity = (— 1)^/. An 
almost complex structure is said to be k- tamed if 

{v, J^v) > 

for every x £ M and non-zero vector v G T^AI. If further k is preserved by J, the 
almost complex structure is said to be k- calibrated. In this case we denote by gj 
the Riemannian metric 

(1.1) gj{X,Y) ■.= KiX,JY), 

for every vector field X, Y on M. We immediately get that J is an isometry of 
gj, i.e. gj is J-Hermitian. We denote by Ck{M) the space of K-calibrated almost 
complex structures on M. The elements of Ck(M) can be viewed as smooth global 
sections of a fiber bundle whose fibers are isomorphic to the homogeneous space 

Sp(n,M)/U(n) 

(see e.g. ^). Since the latter is topologically a (rt + n^)-dimensional cell, given any 
almost symplectic form k, there are always plenty of K-calibrated almost complex 
structures. Furthermore the fact that Ck{M) is contractible makes it possible to 
define the first Chern class ci {M, k) of the almost symplectic manifold {M, k) as 
ci(M, J), where J S Ck(M). 

Given J e Cii{M) the complexified exterior algebra A*M C is Z+-bigraded 
with respect to the type as 

2n 

A*M®C = AP/M. 

r— p+q—r 

The metric gj together with the orientation given by k defines also the classical 
Hodge operator, that in this setting is a C-linear map * : A^j'^M A"~*'"~^M, 
such that 

_ 

a A = gj{a,l3)— , 
n\ 

for all a,/3 G A^j'^M. It is well known that * commutes with J and that their 
composition equals the C-linear extension of the symplectic Hodge operator: 

*J = J* = . 

Since we have 

d: AP/M A^+'^'-^M © A^+i^'M © AP/'+^M © A^'^'+'M , 
the exterior differential operator accordingly splits as 

d = Aj + dj + dj + Aj. 
It is well known that an almost complex structure is integrable if and only if Aj — 0. 
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1.2. SU(n)-structures. Let M be a 2n-dimensional manifold and C{M) be the 
GL(2n, R)-principle bundle of linear frames. A SU(n)-structure on M is a SU(ri)- 
reduction of C{M). Since SU(n) is the group of the unitary transformation of C" 
preserving the standard complex volume form, a SU(n)-structure on M is deter- 
mined by the choice of the following data: 

• an almost complex structure J on TM] 

• a J-Hermitian metric 

• a complex (n, 0)-form e of constant norm 2^ . 
Alternatively these data can be replaced by 

• an almost symplectic structure k; 

• a K-calibrated almost complex structure J; 

• a complex (n, 0)-form e, satisfying eAe — Cn^^ with c„ = (— 1) ' * ' (2i)"; 

where k and g are relied by Denote by V the Levi-Civita connection induced 

by g on TM . We will say that a SU(n)-structure is integrable if the restricted 
holonomy group Hoi" (TM, V) is isomorphic to a subgroup of SU(n). 
Since the holonomy is determined by the parallel tensors, a SU(n)-structure is 
integrable if the corresponding triple (k, J, e) satisfies 

Vk==0, VJ = 0, Ve = 0. 

In this case (M, n, J, e) is said to be a Calabi- Yau manifold. 

Remark 1.1. Let {M, k, J,e) be a SU(n)-manifold and assume 

dn = , de = , 

then (M, k, J, e) is a Calabi- Yau manifold. In fact if a e Aj°M we have 

= d(£ A a) = (-l)"e A da = (-!)"£ A Aja , 

hence A,/ = 0, which implies that J is integrable. Furthermore, since k is closed, 
the pair {k,J) defines a Kahler structure on M; hence we get 

Vk = 0, VJ = 0. 

Finally the equation e Ae — Cn ^ forces e to be parallel. 

Several non-integrable SU(n)-structures are worth to be considered for both 
geometrical and physical reasons (the survey article U| is a good reference for 
recent results on non-integrable geometries). 

A notion of generalized Calabi- Yau manifold has been introduced by de Bartolomeis 
and Tomassini; in |18j they give the following definition: 

Definition 1.2. A generalized Calabi- Yau (GCY) structure on M is a SU(n)- 
structure (k, J, e) satisfying the following conditions: 

1. dn = {i.e. {M,k) is a symplectic manifold); 

2. dje = 0. 

We emphasise again that a different generalization of Calabi- Yau structures has 
been considered by Hitchin in a broader context in |21|. 
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Remark 1.3. For an almost Kahler manifold (i.e. a symplectic manifold endowed 
with a calibrated almost complex structure) it is natural to consider on TM the 
canonical Hermitian connection V, whose covariant derivative is given by 

It is characterized by the following properties 

= , V J = , = ^Nj, 

where Nj is the Nijenhuis tensor associated to J and is the torsion of V. This 
connection coincides with V if and only if the pair (k, J) is a Kahler structure on 
M (i.e. if and only if J is integrable). 

If {M, K, J, e) is a symplectic SU(3)-manifold, then the constraint e A e = c„-^^ 
implies 

d,je = Q Ve = , 

(see 5H1)- Hence GCY manifolds can be defined as SU(ri)-manifolds with the 
volume form e satisfying Ve = 0. It follows that in the GCY case the holonomy 
group IIol° (TM, V) is isomorphic to a subgroup of SU(n). 

2. SU(3)-STRUCTURES 

In this section we specialize to the case n = 3 and study the linear algebra 
underlying SU(3)-structures. Fix a real 6-dimensional symplectic vector space 
{V,k). Let us denote by Sp(F, k) the group of automorphisms of the pair {V,k), 
i.e. Sp(V, k) = {0 G GL(T^) : (j)*K = k}. The space of skew-symmetric 3-forms on 
V splits into the following two irreducible Sp(y, K)-modules 

AlV* = {0G A3y*|0AK = O}, 

AlV* ^ {aAK\aeV*}. 

The 3-forms lying in the space Agl/* are sometimes called in the literature effective 
3-forms (see e.g. Let us consider the action <d of the Lie group G =Sp(y, k) x 
on the space Aq^* given by 

e(0,i) - a :=t(0-i)*a, 

where R!^ denotes the group of positive real numbers. It is known that this action 
has an open orbit O whose isotropy is locally isomorphic to SU(3) (see e.g. [J] 
and 123 )■ We will call n-positive 3-forms the elements of the orbit O. Since the 
stabilizer at il £ O is locally isomorphic to SU(3), each K-positive 3- form singles 
out a K-calibrated complex structure on V which we are able to explicitly write 
down. In fact we have: 

Proposition 2.1. The endomorphism of V* given by 

Pn: a^-^*(f^A*(r!Aa)) 

has the following properties 

1. is a negative multiple of the identity; 

2. K{Pna,l3) = -K{a,Pn(3), for every a,l3e A'^V* . 
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Proof. 1. First we observe that Pn is a SU(3)-invariant endomorphism of V* , since 
it is built using only fl and Since SU(3) acts irreducibly on V* , the real version 
of Schur's lemma assures that Pq = al + bJ, where J is a complex structure on 
V* and a, b are real numbers. 

Now wo claim that Pq has a negative eigenvalue. From this claim the conclusion 
follows. Suppose indeed that there exists v ^ such that PqV = Xv, with A < 0. 
Then 

2abJv={X^-a'^ + b^)v. 
If ab ^ 0, then J would have a real eigenvalue and this is impossible. On the 
other hand if 6 = then Pq = a^J, which is a contradiction with the claim. Hence 
Pq. = bJ. To prove the claim we must use an explicit frame {e^, . . . , e^} of V* in 
which K and Cl takes the standard form and perform the computation e.g. of PqB^. 

2. We have 

n{Pna, /3)^ = - Pna)^ = i/3 A 1] A A a) = 
6 6 2 

1 1 

= - -K{f3 Afl,aA fl)— = --K{a A fi, /? A fl)— = 

2 6 2 6 

3 3 

=KiPnP, a)'^ = -K{a, PnP)'^ . 

O D 

□ 

It follows: 

Corollary 2.2. The endomorphism Jq K-dual to (detPn)~5Pf2 %$ a K-calibrated 

almost complex structure on V. 
Furthermore the form 

e = fl + iJafl 

is a complex form of type (3,0) with respect to Jq. If further det{PQ) = 1, then 
(2.1) eAe^i-K^. 

o 

Wo have also this characterization of K-positive 3-forms 

Lemma 2.3. These facts are equivalent 

1. Q. is a K-positive 3-form; 

2. the map Fq : A^V* 9 a i— > a A O is infective and k is negative definite on 
the image of Fq. 

Remeirk 2.4. Note that since k is Jn-invariant, also JqQ is effective, i.e. kAJqQ = 
0. 

Definition 2.5. A K-positive 3-form is said to he normalized i/dct(Ps2) = 1. 
From now on we will drop the subscript fl from Jo when no confusion arises. 

In order to make the exposition more concrete wo identify V with M^; we 
denote by {ei, . . . , Cq} the standard basis and by {e^, . . . , e^} the dual one. 
Fix on V the standard symplectic form 

i^^ = e^^ + e'^ + e'^ 
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and the standard complex volume form 

eo = (e^ + ie^) A (e^ + ie^) A (e^ + ie^) . 

The real part of eq 

= 6^35 _ el46 _ g245 _ ^236 

is a normalized Ko-positivc 3-form. The complex structure associated to CIq is 
exactly the standard Ko-calibrated complex structure Jq defined by 

We will denote by go the scalar product associated to (kq, Jo)- Note that go is 
simply the standard Euclidean inner product. 

Using the standard forms kq and fig by straightforward computations we can 
obtain some useful identities concerning K-positive 3-forms. 

Lemma 2.6. Let (V, k) be a symplectic vector space and fl a normalized n-positive 
3-form, then we have 

1. iffl = —Cl {hence also JO = 

2. f2A J0= 

2.1. Decomposition of the exterior algebra. Let {V, k) be an arbitrary 6- 
dimensional symplectic vector space and fl a normalized K-positive 3-form. Let us 
consider the natural action of SU(3) on the exterior algebra A'V* . Obviously SU(3) 
acts irreducibly on V* and A^V*, while A'^V* and A^V* decompose as follows: 

A'^V* = Alv* e Alv* e Ag^* , 

(2.2) 

A^v* = A%^v* e Aj^v* e Alv* e aI^v* , 

where we set 

• AIV* = Rk, 

• Alv* = {*(a A O) I a e A^V*} = {if G A'^V* | Jip = -ip} , 

• Alv* = {ip€ A'^V* \ip A Q. = and if ip = -ip A k} 

= G A'^V* \Jip = if, if Ak^ = 0} , 

and 

• A^^V* =Rn, 

• A^j^V* = Rjn = {j € A^V* \j A K = , J An = cK^, ceM}, 

• Alv* = {aAK\ae A^V*} = {76 A^V* | *7 = 7} , 

• AI2V* = {7 e A^V* |7AK = 0,7An = 0,7Ajn = 0}. 

Remark 2.7. Now wc emphasize some relations which will be useful: 

1. If G AjV* e AjV*, then ★(^ = -(^ A k . 

2. If 7 G A^^y* © Af^y* © AI2V* , then ^7 = -7 and 7 A k = 0. 
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3. If a is an arbitrary 1-form, then J(q; Ai7) — —a AO, consequently from the 
definition of J it follows 

JO A*(0 Aa) = -2*a. 

4. If /3 e KlV* then 

*(/JA/J)Ak^ = /3A/3A*«;2 = 2/JA/?Ak 

= -2/jA*/3=-2|/3|2^, 

so that 

(2.3) A*(/3a/3)) = -2|/3p. 

We can obtain the decomposition of K^V* using the duality given by the symplectic 

star operator. 

Moreover we define the projections 

El : h?V* KlV* , 
E2: A^V* Al2V* 

by 

(2.4) Ei{a) = i(a + Ja) - ^ * ((*(a + Ja) + {a + Ja) A k) A k) k , 

2 18 

(2.5) E2{I3) = /3 - i * (J/3 A k) A K - i * (/3 A JO) O - i * (O A /3) JO . 

Note that E2 commutes with * since the latter is an automorphism of Af2V*. 
The same is true for J (hence also for -k). 

2.2. The e-identities. As done by Bryant in the G2 case we introduce the following 
e-notation, which will be useful in the sequel. 

^0 = ^eijk e'^'' , *0o = iey-fc e'^'' , kq = e'^ . 
We will use the following identities, whose proof is straightforward: 



(2.6) 





0; 










^ijp^pr 


^ijr '1 




^ijp^pr — 


^ijr ! 




^ipq^jpq = 






^ipq^jpq — 


4(5jj = ^ipq^jpq ! 




^ijp^klp — 


— f^ikSjl + KjkSil + l^ilSjk 


f^jl^ik '1 


^ijp^klp ~ 


f^ikf^jl H~ f^il^jk H" ^ik^jl 


^jk^il ~ ^ijk^ipq 



These equations will be called e-identities. As a first application of these formulae 
we can decompose the Lie algebra so (6) as follows. Consider the real representation 
of complex matrices induced by Jq 

p:fl[(3,C)^fl[(6,M), 
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where p{A) is the block matrix j=i.2,3, with Bi 

Thus a matrix A = (aij) lies in su(3) if and only if 



( 



Re aij Im 
-Imci," Reoi 



) 



^ijkajk = and n^ka^k = 
So we have the decomposition 

so(6) =su(3) © [M]i © [M^]2, 



where 



(Hi) 



— an. 



(H2) 



2.3. Decomposition of symmetric 2-tensors. In order to express the Ricci 
tensor in terms of skew-symmetric forms we must establish the correspondence 
which we are going to describe. The 21-dimensional space of symmetric covariant 
2-tensor on V splits into irreducible su(3)-modules as follows: 



are isomorphisms of su(3)-representations. 

2.4. SU(3)-structures on manifolds. Let M be a 6-dimensional manifold. A 
SU(3)-structure on M is determined by the choice of: 

• a non-degenerate 2-form n, 

• a normalized K-positivc 3-form Q (i.e. Q[x] is ^[xj-positive and normalized 
at every x in M). 

In fact, as we have seen, determines a K-calibrated almost complex structure J 
such that e = n + iJ^l is of type (3,0) and satisfies equation (|2.1|) . We refer to e 
as to the complex volume of (k, fi). In the sequel the induced scalar product will 
be denoted by g or alternatively by ( , ) and the associated Hodge operator by *. 
Note that the SU{3)-structure determined by {k, il) is integrable if and only if 



where 




(2.7) dK = o, dn = d*n = o. 

In fact, since Jil — equations (|2.7|l are equivalent to 



dK = , de = . 
Hence, since e A e = i| k"^, remark f 1 . 1 1 implies 
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2.5. Torsion forms. Let (M, k, il) be a SU(3)-manifold. According with 1)2. 2|1 the 
spaces of r-forms spUts in 5u(3)-inodules as follows: 

A^M = AjM ® AjM © A|M , 

A^M = A|,M © A?„M © A^M © A^aAf , 

A^M = A\M © A^M © A^M , 

where the meaning of symbols is obvious. Consequently the derivatives of the 
structure forms decompose as 

dn = vqVL + ao + i^i A k + , 

(2.8) dfi = vTo + TTi A fi - 7r2 A K , 
djn = (Tq + ai A — a2 A K , 

where i^o , ao , ttq , ctq e C°°{M,R), i^i,tti,(Ji e A^A/, 7r2,(T2 G A§M and 1^3 G AfjM. 

The following equations are derived from a G2 formula which was obtained in [21 . 
Lemma 2.8. With the notations introduced above 

(2.9) .m A {*djn) - i^dfi) An = o. 

Proof. See the appendix. □ 
Now we are able to prove the following 

Theorem 2.9. The following relations hold: 

1. TTo — |q;o , 

2. (To = -^vq , 

3. O"! = Jtti . 

Proof. 1. From the relation fl A k = it follows 

= d{fl A k) — dfl A K — fl A dn 

— t:q — 7^2 A — aQ il, A Jfl — A 1/3 
2 

= (ttq - gCto) K , 

where we have used that Tr2 A — 0, A 1^3 = 0. 

2. Analogous to 1 starting from k A Jil = 0. 

3. This formula is a consequence of formula 1)2.9(1 together with the definition of J. 
We have 

= i*dn) An- jnA *djvt 

*(7ri A9.) An~ JVlA *(cri A Q) 
= - J(*(7ri An) A JQ) - J(f7 A ★(cTi A O)) 
= J{jn A A TTi)) + J{n a ★(f^ a ai)) . 
Applying the definition of J and remark we get 

J(-2*7ri) - J(2 J*ai) = -2 J*^i + 2*cti = , 

i.e. 

CTl = JtTi . 

□ 
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Hence we can rewrite ()2.8|l as: 

3 3 
dn = ~2^o ^ + ^''^o + //i A K + 1^3 ; 

d^l = ttq + TTi A i7 — A K ; 
djn = ao + Jtti a O — (72 a k . 

Definition 2.10. The forms {ttq, ctq, tti, i^i, cr2, 1^3} are called the torsion forms of 
the SV (3) -structure. 

A SU(3)-structure is integrable if and only if all of the torsion forms vanish 
identically. 

Several interesting special SU(3)-structures can be described in terms of torsion 
forms. 

1. 6-dimensional GCY structures, let (M, k, il) be a 6-dimensional GCY 
manifold. The equation dn = implies 

Therefore dfi and dJil reduce to 

dQ = TTi A — 7r2 A K , 

dJfl — Jtti a O — (T2 a k . 

Since the complex volume form e associated to (k, ft) is of type (3,0), dje 
is the (3, l)-part (hence the J anti-invariant part) of de. Thus we have 

dje = i(de — Jde) . 

Thus 

dje =^{d£ — Jde) 

=^{dn + idm - jdn - udm) 
=i{dr2 - jdn + i{djn - jdjn)} 

=i{7ri An - J{tti An) + i{J'Ki A - J(J7ri A O))} 

=7ri AVL + i Jtti A il. 

Hence by lemma the equation dje = is equivalent to tti — 0. It fol- 
lows that 6-dimensional GCY structures can be defined as SU(3)-structures 
satisfying 

TTQ = O-Q = , I/l = TTl = , 1^3 = . 

2. Special generalized Calabi-Yau structure. These structures has been 
introduced and studied first by P. de Bartolomeis in |16j. 

Definition 2.11. Let M be a 6-dimensional manifold. A special generalized 
Calabi-Yau structure (SGCY) on M is a SV (3) -structure such that the 
defining forms k, fl are closed, i.e. 



dK = 0, dn = o 
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Special generalized Calabi-Yau manifolds can be considered as a subclass 
of generalized Calabi-Yau manifold, in fact it is immediately verified that 
in this case the complex volume form e associated to (k, VL) satisfies the 
condition 2 of definition If .21 (see JHI). SGCY manifolds are taken into 
consideration also in [S], JS] and 
Such a structure can be characterized by 

TTO = CTO = , Z^l = VTl = , 7r2 = , 1^3 = . 

3. Half-fiat structure. Half-flat manifolds have a central role in the evo- 
lution theory developed by Hitchin in 22 and can be used to construct 
non-compact examples of G2-manifolds. 

Definition 2.12. A S\]{2i)- structure is said to he half-flat if the 

structure forms satisfy the equations 

d(K A k) = , dn = Q. 

Let (k, H) be a half- flat structure. By the hypothesis dVl = we get 

TT, = 0, i = 0, f,2; 

then 

3 ^ 

dn — —-^ai^U + vi f\ K + . 

On the other hand the hypothesis d{K A k) = implies 
3 

= A K = — -(To A K + i^l A + 1/3 A K = i^l A , 

which forces vi to vanish, since the exterior multiplication by is an 
isomorphism on A^M. Therefore half- flat structures can be described as 
SU(3)-structures satisfying 

7r,; = 0, i = 0, f,2, 1/1=0. 

2.6. Some SU(3) representation tiieory. Every irreducible representation p of 
the simple Lie group SU(3) can be labeled by a pair of integers (p, q) that represent 
the highest weight of p with respect to a fixed base of the root system of a fixed 
maximal torus of SU(3). We will denote p by \p^q. Nevertheless in the sequel we 
need to deal with real representation of SU(3), so (similar as in we will define 
the irreducible real representations Vjy^q (p 7^ q) and Vp^p by 

Vp^q <S)R C = Xp^q © Xq^p , 

Vp^p (E)R C = Xp,p . 

Keeping in mind this fact, we can use the complex representation theory to decom- 
pose a given real SU(3)-representation into irreducible real SU(3)-modules. As it is 
well-known (see |f (J|l the polynomial pointwise invariants of order k are polynomials 
in a canonically defined section of the vector bundle 

y Xpi X--- Xpfc (Vi(su(3))©---©yfe(5u(3))), 

where Q is the SU(3)-reduction and Vj{5u{3)) is the SU(3)-representation uniquely 
defined by 

(fl[(6,M)/su(3)) S^R^) = V, (su(3)) © (M^ © S^+\R^)) . 
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For the first order invariants we have 

Fi(su(3)) ==so(6)/5u(3)®M^ 

so that 

Vi(su(3)) = 2 Fo.o © 2 (M*^)* © 2 ® A?2 

which matches with to the degree and types of our torsion forms. Rather stan- 
dard calculation in su(3)-representation theory allow us to decompose also the 252- 
dimensional representation V2(su(3)) into su(3)-irreducible submodules 

y2(su(3)) =3 ^0.0 © 4 Vi^o © 5 Vi,i ® 3 ^2,1 ® 4 ^2,0 © V^3,o © V2.2 , 

3. RiEMANNIAN INVARIANTS OF SU (3)-STRUCTURES 

3.1. The Levi-Civita connection. Fix a SU(3)-rcduction Q of the linear frame 
bundle C{Af), given by the pair (k, il). Q is a subbundlc of the principal S0(6)- 
bundle p: J- —> M oi the normal frames of the metric g associated to the pair 
(k, ri). Consider on the bundle T the tautological R^-valued 1-form w defined 
by = u{p^[u\v) for every u £ T and v S T^J^. On !F we have also the 

Levi-Civita connection 1-form ip taking values in so(6). Using the canonical basis 
{ei, . . . , eg} of we will regard a; as a vector of R- valued 1-forms on T 

and as a skew-symmetric matrix of 1-forms, i.e. ip — (tpij)- With these notations 
the first structure equation relating uj and ■0 

(3.1) duj^-ipAuj, 

becomes duji = —ipij ■ Note that equation H3.1|l simply means that ip is torsion- 
free. 

The curvature of ip is by definition the so(6)-valued 2-form "if — d-ip + ip A ip . In 
index notation 

*y = dipij + Ipik A = ^Rijkl UJkAuJi. 

We consider the pull-backs of ip and a; to Q and denote them by the same symbols 
for the sake of brevity. The intrinsic torsion of the SU(3)-structure measures the 
failing of ip to take values in su(3). More precisely, according to the splitting 
so(6) = su(3) © © [R'^]2, we decompose as follows 

^ = 9+[fi]l + [T]2. 

Thus is a connection 1-form on Q which in general is not torsion-free. 

As before we shall regard t as a vector of 1-forms r — TiCi. Furthermore we can 

write 

(3.2) Ti — Tij ujj and /i — Mi uji , 

where and Mi are smooth functions. The fact that ip is torsion- free implies 

(3.3) = A - e^fe rj. A - k^^- ^AUj. 
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3.2. The curvature in index notation. In order to decompose the curvature 
2-form we give the following 

Lemma 3.1. These identities hold: 

1. eA[^l]l + A6I = ; 

2. [r]2 A - Ml A [r]2 - ; 

3. 0A[r]2 + [r]2A(?= [0At]2 ; 

4. [r]2 A + [[/i]i Ar]2 - . 

Proof. The proof is a straightforward application of e-identities H2.6|l . To see how 
things work, we prove the first one. Since 9 takes values in su(3) we have 

Cpfei Ski — ^klp Ski = ■ 

So 

'^ijp^klp dkl = 

for every i,j — 1, . . . ,6. Then applying the e-identities H2.6|l we get 

—eijp£kip Ski 

= {-KikSjl + KjkSil + KilSjk - KjlSik) Okl 



I.e. 



Consequently 



l^jk Oki — l^ik Okj ■ 
9ik A Kkj M + Kife /I A 6kj = , 

eA[fl]l + [^l]lAe = o. 



□ 



(3.4) Dd = d0+ d Ae+ [t]2 a [r]2 - - n A t^] i 



(3.6) Dfi — d^ + -Kij Ti A Tj 



Now we can introduce the following quantities 

I 

(3.5) L»T = dT+ 6lAr-2[/i]i At, 

2 

— / 

3 

With this definition DO takes values in su(3). Moreover by lemma im we get 
4- =d{0 + [r]2 + Ml) + {e+ [t]2 + Ml) A (0 + [r]2 + Ml) 

=i:)6i + [i:)r]2 + [i:'M]i- 

Using the w-frame we shall write 

1 

1, 

r 



(3.7) D9ij = -Sij/ci wfc A , 

/ , 1 

(3.8) DTi = -Tijk LUj A LOk , 



(3.9) Dn=^Nkiujk^uJi. 
By the definition of the curvature form we have 

Rijkl = Sijkl + f-ijpTpkl + KijNkl 
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In this notation the first Bianchi identity 

* A w = 0, 

has the indicial expression 

Sijkl + Siijk + Siklj-'r 

(3.10) J J J 

+ ^ijpTpki + ^iipTpjk + e-ikpTpij + KijNki + KiiNjk + KikNij = 

Let Ricij = Rikkj and s — Rickk be respectively the Ricci tensor and the scalar 
curvature of {M,g). Starting from equation (|3.10|) a long, but straightforward 
computation gives the following 

Theorem 3.2. In the previous notation we have 

RiCij — ^EipqTpqj ^KipNpj , 
— 2ekpqTpqk ^KkpNpk ■ 

3.3. Ricci tensor in terms of torsion forms. Denote by tt the projection 
tt: Q ^ M. In terms of the tj-frame the pull-backs of the structure forms take 
their standard expression, i.e. 

Tr*{n) = ify-fc Ui A ujj A ujk , 

TT*{jn) = iey-fe Ui A ujj A uJk , 

n*{K) = ^Kij uJi A ujj . 
Taking into account formula (|3.3|) and e-identities, we immediately get 
Proposition 3.3. The derivatives of the structure forms are 

dTr*{Q) = ^{-KjaKkb + HjbKka) T(, A CJq A UJj A ti^fe - 3 ^ A TT*{JQ) , 

dn*{,m) = {tj a UJj) At:*{k) - 3/i A7r*(f]) , 

dvr* (k) — eirj ti AuJr A ujj . 

Now we can decompose the derivatives of the structure forms: a direct compu- 
tation gives the following formulae 



7r*(7ro) 


2 

— -T- 




7r*(7ri) 


— ^ijkTij UJk + 3k. 


ikMi UJk , 




— 2 ^sra^aij ^ sr 


2 

A UJj - 2KiaTaj UJi A UJj, -f -T^i 7r*(K) , 


7r*(ao) 






7r*(cr2) 


1 




T*(^l) 


— ^ijkTij UJk , 


AuJk + ^KabTabeijk "^i A A UJk 


T*(Z^3) 


— "^aijTak ^i A UJj 



-^Taa^ijk ^i A iOj AuJk — -Tab^abiKjk ^i A UJj A UJk ■ 
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Warning: From now on we identify the torsion forms with their pull-backs to the 
principal SU(3)-bimdlc Q. 

Combining the previous formulae and H3.3|l we are able to prove the follow- 
ing (see the appendix) 

Theorem 3.4. In terms of torsion forms the scalar curvature of the metric induced 
by the SV (3) -structure is expressed as 

15 15 1 
s =^^l + -TT'^l + 2rf*7ri + 2d* 1^1 - - -|CT2p 

(3.11) 11 

- 2l^2|'- 2k3|'+4(7ri,z/i}. 

Here we collect some consequences of formula (j3.11|l when the SU(3)-structure 
has special features. 

1. GCY structure. The condition dje — reads as tti = (see section 
so that, taking into account dn — 0, 

2. SGCY structure. This is a special case of the previous one with the 
extra-condition 7r2 = 0. The scalar curvature takes the form 

(3.12) s = 

3. Half-fiat structure. The condition dn f\ n = Q reads in terms of torsion 
forms as z^i = 0. Thus in the half-flat case the scalar curvature takes the 
form 

Corollary 3.5. The scalar curvature of a Q- dimensional generalized Calabi-Yau 
manifold is everywhere non-positive and it vanishes identically if and only if the 
SV (3) -structure has no torsion. 

Now we write the Ricci curvature Ricij — 2eipqTpqj ^SKipNpj in terms of the torsion 
forms using the operators l and 7 defined in section 

Theorem 3.6. If M is endowed with the SV (3) -structure (k, Q) with torsion forms 
given by (|2.8|1 , then the traceless part of the Ricci tensor of the induced metric is 

(3.13) Rico = L-\Ei{cj)i))+j-\E2{h)) , 



where 



- *(j/i A Jj^a) -)- ^ * (7r2 A 7r2) -I- i * (0-2 A (72) + 

-I- dJni + -d*U3 + -d*{i'i A n) - -d* {nofl) - d* (do il) , 

- 2(70 1/3 - 4 (72 A i^i - 2 JdTT2 - 2 *dcr2 - 4 d * (i^i A *ft) + 
-2d* ( Jtti a f^) + 27ro J 1^3 - 2 Jd * (tti A fi) - 4 7r2 A Jtti-H 
-f 41^1 A *(j7ri Ail) -2 Jvi A *{vi Ail) - ^Qii^a, 1^3) , 
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El and E2 are the maps defined by equations H2.4|l and ()2.5|1 and Q is the bilinear 
form Q : Kl^M x Kl^M A^M defined by 

Q(a,P) = Cijlie^iei a A Lei (3, 

where {ei, . . . , eg} is a unitary frame and l denotes the contraction of forms. 

Remark 3.7. The formulae for the scalar curvature and for the traceless part of 
the Ricci tensor are justified by representation theory. Both s and Rico must be the 
linear combination of linear terms in V2{su{3)) and quadratic terms in Vi(su(3)). 
For the scalar curvature the terms must take values in the Vo,o copies of Vi and V2, 
while for the Ricci curvature the terms must take values in Ag and Afj copies of Vi 
and ¥2- (For 5*^ = A| © Af2)- So we have to consider: 

S^{Vi{su{3))) =11 Vofi ® 13 Vi,o © 171^1,1 ® 12 ^2,0® 

© 3 V3.0 ® 4 V2,2 ® 9 V2A ffi 2 ^3,1 . 

The 11 copies of Vq.o are generated by 

• Itti < TTi, :/i > and another bilinear expression in tti, Vi which does 
not appear in formula (|3.11|) : 

• 10-21^, |7r2p, and a bilinear expression in 7r2, (72 which does not appear; 

The 17 copies of are generated by the projections of 

• 7ro7r2, 7rocr2, croa2, <7o''^2', 

• 4 bilinear expressions in tti and vi which does not appear in formula 

• *7ri A Jvs and 3 more bilinear expressions in tti and 1^3] 

• *(7r2 A 7r2), *{a2 A (T2) and 2 more bilinear expressions in tt2 and (72', 

• a bilinear form in 1/3. 

The 12 copies of ¥2,0 are generated by the projections of 

• z^i A *{ Jtti a ri), Ji^i A A CI) and other 2 bilinear expressions in tti, i>i; 

• (T2 A 1^1 , 7r2 A 1^1 , (T2 A TTl , 772 A TTl ; 

• two bilinear expressions in (72, ^^3 and tt2, 1^3', 

• Q(l'3,l'3)- 

An analogous discussion can be done for the second order expressions after consid- 
ering the splitting: 

V2(su(3)) =3 ^0.0 ® 4 ^1,0 ffi 5 Vi^i ffi 3 ^24 ffi 4 V2M ffi V's.o ffi V'2,2 • 

4. The Ricci tensor in the GCY case 

Suppose now that the pair (k, fl) gives a generalized Calabi-Yau structure on M . 
In this case all the torsion is encoded by n2 and (T2; in fact dCl and dJil reduce to 

dfl = — 7r2 A K , dJfl = — (T2 A k . 
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Therefore we get 

= (fil = -d7r2 A K, 
= (fjn = -da2 Ak, 
i.e. dTT2 and da2 are effective S-forms. Since 7r2 £ A|M 

= d{n2 /\ ft) ^ d'K2 A n + n2 /\ dfl 

= (i7r2 A r2 — 7r2 A 7r2 A K 
= dTr2 A + 7r2 A *7r2 
= d7r2 Af7 + |7r2p*l, 



I.e. 



d7r2 A = -k2p * f . 



Analogously we get 

da2 Ajn = -|o-2p * 1 ■ 
Now we can express the Ricci tensor of a generalized Calabi-Yau manifold in terms 
of 772 and (72 • In this case equation H3.13|l reduces to 

Rico = ^t~i(i;i(=(=(7r2 A7r2 + (T2 A(T2))) - 2 7"\i;2( Jd7r2 + ★daa)) . 

Since da2 is effective, irda2 — —d(72- Thus 

i?ico i t-i(£;i(*(7r2 ATTa +(72 AcTa))) - 27-i(£;2(Jd7r2 - das)) . 

By the definitions of Ei and _B2, using the J-invariance of 7r2 and formula 12.3|l . we 
have 

i?i(*(7r2 A 772)) = *(7r2 A 712) ^ 7: * A tt2 + *{tt2 A 1:2) A k) A k)k 

9 

= *(7r2 A 712) + -|7r2pK ^ n * A 712) A 

9 9 

1 2 

= *(7r2 A TT2) + g|7r2pK + gk2pK 

= *(7r2 A 7r2) + i|7r2pK 
o 

and 

E2{dTT2) = d7r2 - ^ * ( Jd7r2 A k) A k - ^ * (d7r2 A Jfl) f2 + ^ * ((i7r2 A il) J^l 

= d7r2 - ^ * (d7r2 A jn) n - ^|7r2p 

^d'K2 + ^ * {tt2 Aa2 A K)n - ^|7r2p , 
where in the last step we have used 

d(7r2 A Jfl) = dTT2 A JVL + TT2 A djrt ~ dTT2 A JVL — 7^2 A (72 A K . 

In the same way we get 

El{*{a2 A (T2)) = *{<72 A (T2) + ^|o'2pK 



and 



E2[d<72) = da2 + i * (7r2 A (72 A k) Jfi + ^1^2^ ^ ■ 
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Therefore, taking into account that E2 commutes with J, the traceless Ricci tensor 
of a generahzed Calabi-Yau manifold is given by 

Rico =7 L-^{*{cr2 A (72 + TTa A TTa) + ^(|(72p + \tt2\^) k) 
(4.1) 4 3 

- 2j~\jdTT2 ~ dG2 + -(|7r2p - \g2\'') ^) . 

Formula (|4.1(l implies that the metric induced by a GCY structure (k, Vl) is Einstein 
(i.e. RicQ — 0) if and only if the torsion forms 7r2, 02 satisfies 

J(72 A (72 + 7r2 A 7r2 + ^(|7r2p + |(72p) K A K = 
\jdTl2 - d(J2 + \{\'^2? " k2p) r! = . 

In the special case of SGCY manifolds we can prove 



(4.2) 



Corollary 4.1. A Q- dimensional SGCY manifold is Einstein if and only if it is a 
genuine Calabi-Yau manifold. 

The proof of Corollary 14.11 relies on the following lemma which is interesting in 
its own. 

Lemma 4.2. Let {V, k, fl) be a Q-dimensional symplectic vector space endowed with 
a normalized K-positive 3-form. If a belongs to A'^V* , then aAa does not belong 
to the 1-dimensional -module generated by k A k. 

Proof. The key observation here is that A'^V* is isomorphic as a SU(3)- 
representation to the adjoint representation Vi.i. Since every element in su(3) 
is Ad(SU(3))-conjugated to an element of a fixed Cartan subalgebra of su(3), there 
exists a SU(3)-basis {e^, . . . , e^} of V* such that 

a = \ie^^+X2 e34-(Al+A2)e5^ 

for some Ai, A2 6 M. Now suppose that aAa = qKAKioi: some (7 G R. Setting to 
zero the three components ofaAa^qnAn gives the equations 

A? + AiA2 + g = 0, 
A2 + AiA2 + (7 = 0, 
A1A2 - q = 0, 

which readily imply q — 0. □ 

Proof of corollary \4-.l\ Since in the GCY case tt2 — 0, taking into account lemma 
14.21 the first equation of (|4.2|) can be satisfied if and only if |(72p = 0. Therefore 
the Einstein condition forces (k, fi) to be a Calabi-Yau structure on M. □ 

Remark 4.3. In it has been proven (see theorem 1) that a compact Einstein al- 
most Kahler manifold with vanishing first Chern class is actually a Kahler-Einstein 
manifold. Note that our result holds with no the compactness assumption. 

5. An explicit example 

In this last section we carry out the computation of the Ricci tensor and the 
intrinsic torsion of a left-invariant SU(3)-structure on a particular 6-dimensional 
nilmanifold. 
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Let G be the nilpotent Lie group of the matrices of the form 



A = 



where Xi,X2,X3,X4^Xq, Xq are real numbers. Let F be the set of matrices in G having 
integral entries, then M :=:G/r is a compact parallelizable smooth manifold. Let 
{Xi, . . . , Xn} be the global frame on M given by 

d d d d 

Xl = - VXi- \'X2- — , X2 = - — 

0x3 



( 1 





Xl 










\ 





1 


X2 


X4 
















1 


X5 



















1 






















1 


Xq 




V 














1 


/ 



X. = 



8x5 
d 



X4 



' 8x4 
X5 



8 
8x1 



8X6 

Xe 



8 
8x4 



[XijX^] ~ —X4 

. , Ofg} be the dual frame of {^i, . 



■ J Xn}, 



d_ 

8x2 ' 8x3 

We have that 

[Xl, X3] — ~Xq . 

and the other brackets are zero. Let {ai , 
then 

dai = da2 — das — da^ — 
da4 = 
dae = ai3 . 
Therefore the closed global forms 

K = ai2 + a34 + , 

^ = "135 - ai46 - "245 " "236 ■ 

defines a SGCY structure on M. Let J be the almost complex structure on M 
induced by the SU(3)-structurc, then on the frame {Xi, . . . , Xg} one has 

J(Xi) = X2, J{X3)^X4, J{X5)^Xe. 

We have 

dJfl = d(-a246 + "235 + "145 + "136) = "1234 - "1256 = ("34 - "56) A K , 

i.e., with the notations of 



^2 = "56 - "34 ■ 



Since (M, k, fl) is a SGCY manifold, (T2 is the only non-zero torsion form. 
Note that the metric associated to (k, fl) is 



9 



E 

i=i 



"i ® "i 



Consequently we have |(T2p = 2, hence formula (|3.12|) implies s 
Using (|4.1|) we can compute the Ricci tensor of 5: we have 



RicQ 



1 



1 



"12 



7 ^(-4 "135 

1 

3 ■ 6 " 6 

+ 7 "^(^3ai35 - Qi46 - "245 - "236) 



■ "12 



■ "34 



■ "56 ) + 
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Let V be the Levi-Civita connection of g, then 





-2^- 


ViXe - 


2^3, 


V3X6 = 




V3X1 = 


2^6, 


VeXi = 


2^3, 


VeXa = 


2 


V1X5 = 


-2^4, 




2^5, 


V5X4 = 


2 


V5X1 = 


2^4, 


V4X1 = 


2^5, 


V4X5 = 


2 



where V^Xj stands for VxiXj. Now are ready to compute the torsion of this 
SU(3)-manifold. We immediately have 





/ 







-as 


— Q!4 


-as \ 






















1 


a& 














ai 


2 


as 











-ai 







a4 








ai 










\ "3 





-ai 








/ 



and a computation gives 





/ 








-ag 


-"5 


— a4 


-as 


\ 












"5 


-ag 


as 


— a4 




1 




ae 


-as 











2ai 




4 




"5 


ag 








-2ai 











ai 


-as 





2ai 












\ 


as 


a4 


-2ai 











/ 



and 



T = - , fi = 0. 

4 -aa 
-ae 

V «5 ; 

6. Appendix 

In this appendix we give a proof of lemma ITHI and theorem l3.4l 
Proof of lemma W^ Let N be the Riemannian product N — M xM.. Denote by 

P2: N ->9. 

the projections. The 3-form 

a^pl{n)+pl{K)^pl(dt), 



defines a G2-structure on iV. From now on we identify the forms k, f2, dt with 
their respective pull-backs to N. Let us denote by and * the Hodge operator 
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associated to the metric induced by a and by the SU(3)-structure on M respectively. 
Thus 

da ~ dD, + dn A dt , 

*„a = Adt+ *K = Jil Adt+^n'^ , 

d *a (7 = dJVL A dt + dn A K , 

*c,d(T = {*dn) A dt — *dK , 

*ad *a- o- ^ *djrt + *{dK A k) A dt . 

Now we use the formula 

(6.1) *o-0- A *cr{d *cr Ct) + {*ad(T) A (T — , 

proved by Bryant in 0. Now we have 

cr A *a{d *a c) + {*ad(j) A a = Jfl A {*dJil) Adt+^K^ A {*{dK A k)) A dt+ 
+ i A *dJi} - {*di}) AV,Adt- {*dK) Ail - {^dn) A k A dt . 
Therefore equation Ht).l|l implies 



{*dn) Afl — 5 *dJfl, which is indeed an easy consequence of 51 A k = 0: 



• jriA {*djn) + i A *{dK An) - {*dn) Afl- (x=dK) A k = . 
In order to show that equation H2.9|l holds, we need to prove the following identity 

(6.2) ^ A *{dK A k) ^ {*dK) A K . 
The decomposition of 3-forms on M implies 

i A *{dK A k) = i A A k^) = (*«) A A k^) 

and 

[*dn) An — [*{vi A k)) A k , 

where vi A n € K\M = {76 K^M \ -^7 — 7}. Now we need to recall the following 
lemma proved in |17j : 

Lemma A.l. Let ( G A^V* and 7 e A'^V* ; we have 

(6.3) *(C A 7) - (-l)'-C A *(« A 7) - (-1)'^*(« A ★(C A ^7)) ■ 
Applying equation (|6.3() with ( = A k^) and 7 = 1 G A'^M we have 

(6.4) (*k) a *(;/! A K^) = *(*(i/i A k^)) = * J(*(j/i A k^)) ^ - Jvi A . 
Moreover, since i/i G AgAf, it follows 

(6.5) A n) A K ^ -Ji^i A . 

Equation (|6.4|l together with equation (|6.5(l imply (|6.2(l . so that equation H2.9|l is 
proved. □ 
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Proof of theorem \3.4\ In order to prove formula it is useful to introduce the 

1-forms Sijk LOk, Vik <^fc, defined by the relations 

dTij = Tik Okj + Tkj Oki + Sijk Wfc , 
dMi = Mk Oki + Vik t^fe • 

Using equations H3.5|l and H3.6|l and the definition of Tij , Mi given in (|3.2(l 

-Dtj =dTij A LOj + Tij dujj — 2 k^- /i A Tj 

— {Siba — TijTqaCjbq ~ TijKjhMa — 2KijMaTjb) UJa /\ UJb , 

and 

2 

~dMr A OJr + Mrduir + o '^ij A Tj 
o 

2 

— {Vba - Mr^rbqTqa " MrKrbMa + -KijT^aTjb) CJq A CJf, . 

Therefore, taking into account (|3.8|) . H3.9I) . we obtain 

Tiab — '^{Siba TijTqaCjbq Tij KjbAIa '^Kij A^aTjb^ , 

2 

A^afc = 2(VhQ - Mr^rbqTqa - MrKrbMa + -KijTiaTjb) ■ 

It follows that 

CipqTpqj — '^{(^ipqSpjq f^ipqf^rj sTprTgq EipqTpr^rj M^q -\- 2,6iqrTrj M^q^ , 

2 

KipNpj — '2(^Kip\^jp KipCrjqTqpJVfr KipKrj -MrM^p -\- ~KjipKqrTqpTrj^ 

and using the e-identities H2.6|l 

^ipqTpqi — 2( ^ipqSipq ^ipq^risTprTgq f^prqTpr-Mq -\- Idq^iTj-iMq^ 

— 2( C'tpqSipq Cipq^risTprTsq ~\- (^prqTp^Mq^ , 

2 

KipNpi — '2(^KipVip Kip€riqTqpAfr KipKri^^fr-Mp ~\- ~KipKqrTqpTri^ 
'^i^ipVip -\- CrqpTqpA'lr ~l~ "^^ipKqrTqpTri ~t~ ) . 



Then by theorem 13. 21 we get 



5 — 4( ^ipqSipq ^ipq^risTprTgq f^prqTprMq^ 

2 
3 



^^ipqSipq ACipqCrisTpr-Tgq ItprqTpj^A'Iq 
Ahu-iphLqi-TqpTj-i — -^'-^2 ■ 
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Furthermore a straightforward computation gives the foUowing formulae 

9^ 
4 



^1 1 — ^ijk^kab'-^ii^ab : 



k3p 



d TTi — Esj-a^aijTsrTij -\- 4:CijkTij Adj^ ^sraSsra ^l^ij^ij 3Zl.j Af^^ , 
d fx — Csra^aijTsrTij ~\- Cijf^Tij Adf^ ^sraS sra : 
(7ri,i/i) = Cabk^kijTabTij — SlijkTijMk ■ 

Therefore we get 

G/^jjV^j — QJ^i + {~f^ia^jb ^ib^ja)TijTi)a ~ 4:€ij]^Sijk ~ 

'^^^ipqSipq A^ipqEj-isTpfTsq 2^€pj-qTpj^Adq AhiipKqfTqpTj-i 6S2 , 

i.e. 

s = Y^l + Y^l + 2dVi + 2d*v, - li^ip - - ik^P - i|z.3p + 4(^1, 1^1) , 

and the theorem is proved. □ 
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